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Abstract. We study the boundary integral operator induced from fractional Laplace equation 
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1. Introduction 



< 

In this paper we study a boundary integral operator defined on the boundary of a bounded 

Lipschitz domain. Let fl be a bounded Lipschitz domain and 

T ^(x) = c(n,s)-^ = ^ (1.1) 

is the Riesz kernel of order 2s, < 2s < n in R™. The layer potential of a fractional Laplacian for 
£V e L 2 {dn) is defined by 

S.<f>(x)= I T 2s (x - Q)<f>(Q)dQ. (1.2) 

Jon 

The boundary integral operator S s (j> = (<S s 0)|an is defined by the restriction of S s <p. 

M. Zahle[l6] studied the Riesz potentials in a general metric space (X,p) with Ahlfors d-regular 
measure p. He showed S s : L 2 (X, dp) —> L 2 S (X, dp), < 2s < d < n is invertible, where L 2 (X, dp) 
is decomposed by null space N(S S ) and orthogonal compliment of N(S S ), that is, L 2 (X,dp) = 



N(S s )®L 2 2s (X,dp). 



When 2s = 2, 1^ is fundamental solution of Laplace equation in R™ and (JT72J) is single layer 
potential of Laplace equation. The single layer potential and boundary layer potential of Laplace 
equation were studied by many mathematicians to show the solution of boundary value problem of 
Laplace equation in a bounded domain (see jB], [8], [10] and |15)V 

In this paper, we show the bijectivity of boundary layer potential of a fractional Laplace equation 
in some distribution space. Our main result in this paper is stated as the following. 

Theorem 1.1. For \ < s < 1, S s : H- s+ i(dn) ->• H s -^(dn) is bijective. 
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Here, the spaces H~ s+ 2 (dil) and H s ~z(dVL) are defined in section^ 

The boundary integral operators (the single layer potential and the double layer potential) have 
been studied by many mathematicians. The bijectivity of the layer potentials has been used to show 
the existence of solutions of partial differential equations in a bounded Lipschitz domain or bounded 
Lipschitz cylinder (see [2]. [5j. [5]. [7]. [5]. [T2] and [15]). 

As in many other literatures, we apply the bijectivity of the boundary integral operator to the 
boundary value problem of fractional Laplace equation in bounded Lipschitz domain. The fractional 
Laplacian of order < 2s < 2 of a function v : R™ — » R is expressed by the formula 



v 



(x + y) — 2v(x) + v(x — y) 



A s v(x) = C(n,s) / — '-. Vt^ — dy, 

where C(n, s) is some normalization constant. The fractional Laplacian can also be defined as a 
pseudo-differential operator 

(=a)mo - (2 7 r l |ei) 2 ^(o, 

where v is the Fourier transform of v in R™. In particular, when 2s = 2 it is naturally extended to 
the Laplace equation Av(x) — J2i<i< n ~§^? v ( x )- 

In this paper, we show that the layer potential defined by (jl.21) is in H s (R n ) = {«£ L 2 oc (R n ) | IMIi^fR.™) : - 
L |C| 2s |^(0| 2 ^C < °°} ( see theorem |4.1[) and satisfies 

A s w(a;)=0 x € R n_1 \ <9Q 
(see (|4.6p V Hence, from theorem 1 1.11 we obtain the following theorem; 

Theorem 1.2. Let ^ < s < 1. For given / 6 H s ~i{d£l), the following equation 

A s u = in R n \dCl, 

u\ d n = f€H s -i(dQ), (1.3) 

, \\ U \\H'(^)<4f\\ H s- i(dn y 

has a unique solution. Furthermore, there exists <j> E H~ s+ ? (dQ) such that 

u = S s <t>. (1.4) 

The rest of the paper is organized as follows. In section [2] we introduce several function spaces. 
In section [3J we will define the layer potential and the boundary layer potential. The layer 
potential for <f> E H~ a (dVt) is defined by 

s s 4>(x) =< 4>,r 2s (x - •) >, 

where T s is Riesz kernel of order 2s defined in (jl.ljl and < ■, ■ > is the duality paring between 
H a (dn) and H- a (d£Y), In particular, if e L 2 (dn), then S s <p is defined by fL~2]> . The boundary 
layer potential S s (f> for <fi E H~ s+ 2 (d£i) is defined by S s <j> = (S s <f>)\dCi> where F\ga is the restriction 
on dil of the function F defined in R". 
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In section 01 we study several properties of layer potential. 

In section [51 we show the bijectivity of the boundary layer potential S s : H~ s + 2(<9S7) — ► 
H s+i >(dn). 

The probability is another tool to represent the solution of a fractional Laplace equation. Let 
X t be a a-stable process on R™ and tq = ini{t > 0\X t £ 17}. Note that X t is discontinuous and 
P{tq € <917} = (see pQ and [4]). Hence, to represent the solution in 17 with probability of a 
fractional Laplace equation, we need information on 17 c . Let tfi € C°°(17 c ) and define function 

where E x denote an expectation with respect to P x of the process starting from x G 17. Then, u is 
a solution of 

A s u = in n, 

u = 4> in l^ c 

(see pQ and [4]). Compared with our result, function (|1.5p is a solution of a fractional Laplace 

equation in 17 with information on 17 c and function (|1.4[) is a solution of factional Laplacian in 

R" \ 917 with information on <917. 

2. Function spaces 

In this paper, we consider a bounded Lipschitz domain 17 in R™. The letters x,y denote the 
points in R™, and the letters P,Q denote the points on the boundary <917 of the domain 17. The 
letter c denotes positive constant depending only on n, s and 17. 

For < a < 1, we define the Sobolev spaces H a (d£l) and H a (dVt) as 

i^(df7) = {0eL 2 (917)| / / M^-iMf dPdQ < oo}, 



i?<*(0) = {^ € L 2 (<7) ' *' *' l^)-^)l 2 



1 2a riycfa; < oo}. 

We define H^ a (dQ) = (H a (dQ))* by dual spaces of H a (dfl). For < a < 1, Sobolev spaces 
H a (R n ), i? Q (17) are defined in a similar manner. 

Now, we define homogeneous Sobolev space H a (R n ). For a S R, the homogeneous Sobolev space 
i7 Q (R ra ) is set of distributions satisfying 

IMIa-cr-o : = / Kl aa MOI a #. (2.i) 

where -C means Fourier transform of u in R™. 

Remark 2.1. Let < a < 1. 

(1) -By simple calculation, for v € iJ a (R"), we obtain 

^t^l dydx =c [ \e a \mm. (2.2) 

r» jr» F - y|"+ 2a J Rn 
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(2) For v £ H a (R n ), we get A s v 6 H a - 2s (R n ). In particular, if0<a<2s, then, A s v G 
H a - 2s (R n ) = (H a ~ 2s (R n ))* is defined by 

<A s v,i/j>= [ (2m\^\) 2s v(OkO^ (2.3) 

JR>» 

joril) 6 H 2s - a (R n ). 

3. Layer potential and boundary layer potential 
Given </> 6 H^ a (dVt) 1 a > 0, wc define layer potential by 

5 s <^(x)=<^,r 2s (x--)> i£R"\ffl, (3.1) 

where < •, • > is the duality paring between H~ a (d£l) and H a (dSl). In particular, if 6 L 2 (dfl), 
then 

<S S <£0) = / r 2s (x - Q)cj)(Q)dQ, j£R"\ dCl. (3.2) 

Jan 

Note that S s 4> is in C°°(R™ \ dil). For < a and for large |a;|, we have 

\V?S s (x)\ < ||011 g -a (8O )llV^r 2 .(g - -)llg°on) < c|l^|| g - 0( an) ^ n -2s+\P\ ' (3 ' 3) 

where = (&,&, ■ • • ,/3„) e (N U {0})" with \(3\ = £ fc /3 fc . 
We will use the following proposition late on (see |11J). 

Proposition 3.1. For < s < 1, the operator K : 2P+i(R n ) ->• H s (dn) defined by 11(F) = F| ao 
is bounded. That is, there is constant c > suc/i i/iai 

IIWII^(^)<c||F|| HS+ i (Rn) , 

where c > depend only on n, s and f2 . 

Remark 3.2. Lei U be a Lipschitz bounded open subset o/R n smc/i thatdVt C f . For F £ H 8+ ^{U), 
let us F 6 i7 s+ 2(R, n ) fee a Stein's extension (see proposition 2.4 in [10] J . TTiai is, i^u = -F and 

||.F|| a+ i < cHi 71 !! s+ i , where c depends only on s and U. Then, by the proposition VS. 1\ we 

get \\F\ d n\\Hs( 9 n) < c\\F\\ HS+i(Rn) < c\\F\\ H , +h{jjy 

We introduce a Riesz potential I s , < s < n, by 

1.1>(x) = c(n, s) [ 1 ^(y) dy for V e C c °°(R n ). 

Jr" \x - y\ n 

The following proposition is well known fact and will be useful in the subsequent estimates (see 
chapter 5 of [13] V 

Proposition 3.3. 1). Let 1 < p < q < oo, i = ~ — £. Then 

I s : L p (R") ->■ L"(R n ) 
is bounded. 
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2). The Fourier transform of c(n, s)\x\~ n+s is \£,\~ s , in the sense that 



c(n,s)\x\- n+s ?P{x)dx= / |£|-"V(Od£- 

Hence, for i/> E C* C °°(R"), I.V(f) = |£| - >(0 /or £ £ R". 
3). Let < si, S2 < n Si + S2 < n. Then 

c(n, S\)c(n, S2) / 1 : 1—, dy = c(n,s\ + S2)-, — ; ■ 

Jr" \x-y\ n - s i \y\ n - Sl ^\ x \n- Sl - S2 

Lemma 3.4. Let B R be the open ball in R n centered at the origin with radius R. Then, the integral 
operator l£ : Cf{B R ) ->■ H a (B R ) defined by 

I&F(x) = / r 2a (s-y)i?(i/)d|/ 

is continuously extended to /■£. : H^ a (B R ) — > H~ a+2s (B R ), < a < 2s, where HQ a (B R ) = 
(H a (B R ))*. 

Proof. By 2) of proposition l3~3l we have /2s : L 2 (R n ) — >• Lf 2s (R") is continuous. By 1) of proposition 
[331 this implies that /£ : L 2 (5 fl ) -> H 2s (B R ) is a bounded operator. Then, for E C™(B R ), F € 
L 2 (B R ), we get 



F(x)7£0(x)dx = / l£F(x)<f>(x)dx 

Br J Br 

<Mh^ { b r) \\I? s F\\h^(b r) 
< c H\\h- 2 °(b r )\\ f \\l*(b r )- 

This implies ||^2s0IIl 2 (b j? ) < c [[0||.h- 2,, (.b )■ Since C^(B R ) is a dense subset of Hq 2s (B r ) (see 
remark 2.7 in [10), we get lemma EH for a = 2s. Note that H~ 2s(1 ~ 6 \b r ) and H 2s0 (B R ) are 
real interpolation spaces with {H^ 2s {B R ) 1 L 2 {B R )) e = H~ 2s(1 ~ e) {B R ) and {L 2 {B R ),H 2s {B R )) e = 
H 2s9 (B R ), < 9 < I (see proposition 2.4 and remark 2.7 in [ID])- Taking = % =s , we get lemma 
£HforO<0<l. D 



Lemma 3.5. Lei E L 2 (dfi.) and u = S s (f> be defined by (|3.2j) . Fix e > and define J7 C = {x E 
R n I d(», 90) < e}. T/ien /or F E C™(B R ) we have 



F(x)u(x)dx= 4>{Q) F(x)T 2s {x-Q)dxdQ, (3.4) 

b r \s> Jan JB R \n> 

where d(x,dQ) is distance between x and dQ, and B R is the open ball centered at the origin with 
radius R such that Q C Bin. 

2 J1 - 

Proof Note that by Holder inequality, we get 

/ / |i?(x)|r aa (x-g)|^(Q)|dQd!t<cfl*|fln|*e- n+2 "||J'|| La(BjJ \ n .)||^|U a(8 n), 

JB R \n* Jon 
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where | • | means the Lebesgue measure. Hence, by Fubini's theorem, we get 

F{x)u(x)dx = F(x) T 2s (x - Q)<p(Q)dQdx 

B R \ri' JB R \n> Jan 



[ cf>(Q) I F(x)T 2s (x-Q)dxdQ. 



Ian Jb r \vi* 

□ 

Theorem 3.6. Let \ < s < 1 and <j> £ H^ s+ ^-{d9). Set u = S s <j) defined in (|3~Tj) . Then, for all 
B R satisfying Q c Bi R , 

\\u\\H. { B R )<c R U\\ H _ s+h{an) . (3.5) 

Moreover, for all F € C™(B{R)) 

F{x)u{x)dx =< 0, / F{x)Y 2s {x - -)dx > . (3.6) 

B(R) JB{R) 

Proof. Assume 4> € L 2 (dil). Let F £ C^°(B R ). From lemma l3~4l we get 



F(x)T 2s (x - -)dx - I F(x)F 2s (x- -)dx\\H2°(B R ) 

Bft\i/l e J Br 

= 11/ F(x)T 2s {x--)dx\\ H 2 S(Bn) <c R \\F\\ L 2 (nt) ^0 as e -> 0, 

where fi e is defined in lemma [3"31 and cr is independent of e. Applying remark [3.21 this implies 

/ F(x)T 2 ,{x - -)dx -> [ F(x)T 2s (x - -)dx in H 2s -^(dfl). 

JB R \n e Jb r 

In particular, J B , n F(x)r 2s (x — >)da; — >■ J B F(x)T 2s (x — -)dx in L 2 {d£l). Hence, sending e to the 



zero in (13.41) . we obtain 



F(x)u{x)dx= (f>(Q) F(x)T 2s {x-Q)dxdQ. (3.7) 

B B JdQ, JB R 

Since L 2 (<9fi) is dense subspace of H~ s+ ? (9f2) and J„ F(a;)r2 S (a; — -)dx £ H s ~2(d£l) by lemma 
3.41 and proposition l3.il we obtain (|3.6|) from (|3.7j) . We again apply proposition 13. 1[ lemma 13^41 and 
(I3.6[) to obtain the following 

/ F(a;M,)dx| < c R U\\ H _ s+i || / F(x)F 2s (x - O^l^-j 



< <*IMI Jf -.+i ( a n) ll J F ( X ) T ^( X ~ -) dx \\H°{B R ) 

<cx\m H -. + i im) \\nl r{ B R y (3-8) 

Since C^{B R ) is dense in H S (B R ) = (H S (B R ))* and L 2 {dtt) is dense in H- s+ ^(dfl), (JSU) holds 
for all F £ H^ S {B R ) and £ H- s+ ^(dfl). Since H S (B R ) is reflexive, we obtain ((331). □ 



By the proposition 13. 1[ remark [3.21 and theorem 13.61 we have the following theorem 
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Theorem 3.7. For | < s < 1, 

S s : H- s+ ^{dn) -» ff s -^(df!), 5,0= (5 s 0)| ao 
is bounded operator, where (<S s <^)|an * s restriction of S s cj> over dU,. 

4. Properties of layer potential 

Theorem 4.1. Let J < s < 1 and G iJ~ s+ 2(<9£7) and u = 5 S &e a to/er potential defined in 
(l3~Tj) . TTiera u £ ff s (R") and 

/ / Hx) -^ 2 dyd X <cU\\ 2 +1 ■ (4-1) 

Proof. Let i?fl be an open ball whose center is origin and radius is R such that $7 C Bi R . We divide 
the left-hand side of (|4.1[) with three parts 

A l - J\x\<RJ\y\<R \ x -y\W ayax, A 2 — * J\x\<RJ\y\>R \x-y\"+ 2 " a V ax i 



(4.2) 
\x\>R :J\y\>R \x-y\™+ 2s " 



^ = /i,i> fl Ji,i> fl tt"^' d y dg 



By the theorem 13.61 Ai is dominated by \\d>\\ 2 , i . For \x\ < R and \y\ > 2R, we get that 

— J " u H~ s+ 2(dn) i i - iwi — o 

\x-y\ > \y\ - \x\ > \y\ - R > %\y\. Note that by (^3]l . for |y| > 2i?, we have that \u(y)\ 2 < 
c|u| _2 ™ +4s ||0|| 2 . i . Hence, by the theorem 13.61 we have 

n f f \u(x)-u(y)\ 2 , , o f f \u(x)\ 2 + \u(y)\ 2 , , 

J|x|<_H J_R<|y|<2i? F — 2/1 J|x|<RJ|»|>2iJ 12/1 

< c«ll«ll^ (fl(M )) + c||^||^ i(fln) J^ J^ 2R j^dydx 

<Ci?||0|| 2 ,.1 



We divide ^3 with two parts; 

/ / m^i dydx+ f I i-w- -(f ,^. (4 . 3) 

•/|x|>fl»'|3/|>fl,|ir-y|<||a;| F ~ 2/1 7 |x|>fl •%|>R,|a:-3/|>il :c | F ~ 2/1 

For |x| > R, \x — y\ < h\x\, applying mean-value theorem, there is a r\ between x and y such that 
u(x) —u(y) = Vu(n) • (x — y). Note that \x — r]\ < ^\x\ and hence \rj\ > ^\x\ > |i?. Hence, by (13.31) . 
the first term of ()4.3j) is dominated by 



\x\>RJ\x-y\<±\x\ \X — 2/1" 

^ 4 <--konJ lxl>R ]x^ dX 
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Since |x|, \y\ > R, by (13.31) . the second term of (I4.3P is dominated by 

f f \u(x)\ 2 + \u(y)\ 2 , , 

J|x|>fl J|l/|>fl,|a;-2/|>i|a;| |a;-iy|"+ 2s "</«- i - 

- "^'g-^an) -kl£« ^^ 4>l>«,k-vl>*H |x-,|n^. dy^ (4.4) 

+ ll<? !, |l^- 3+ l (ao) /| a; |>fl/| 1y |>^| x - y |>l| 2: | |z-y|" + ^ \y\2n-4sdydX- 

The first term of right-hand side of (14.41) is dominated by i? _Tl+2s ||a!>|| 2 _,, . Note that 

' ' " u H- s+ 2(dn) 

{ R -n+4s r ii dx 2n - 4.s > n, 

([-[lldx, 2n-4s<n 
J |x|>it | asp 7 * -" ' 

<ciT n+2s mi?. 

Then, the second term of right-hand side of (I4.4[) is dominated by 

<cBr n+2s In RU\\ 2 ., 
Therefore, we showed that Ai + Ao + A3 < cr||0|| 2 , 1 and hence showed (14.11) . D 

Theorem 4.2. Let 4 < s < 1 and cf> G H~ s+ ? (dVt) and u = S s <fi be a layer potential defined in 
(pTTjt . T/ien, 

n(O = ier 2s <0,e 2 " ? ->. (4.5) 

Proo/. Let 6 L 2 {dn) and -0 e C C °°(R"). By (J3/F|) and 2) of proposition [33 we have 

u(x)ip(x)dx = c(ra, s) / 0(Q) / 1 ip{x)dxdQ 

R" ./an Jr" F - Qr 



<MQ) / \^\- 2s e 2 ^- Q m^dQ 
an JR" 



^(Oier 2 " / </>(Q)e 2 ** Q dQd£. 
R" Jan 

Hence, we get 

ho = ier 2a / my^ Q dQ. 



Jon 
Since L 2 (9fi) is dense in H- s+ i(dQ), we get (03J for all e H- s+ ^(dfl). D 

Theorem 4.3. Let | < s < 1 and G iJ~ s+ 2 (<9S1) and u = 5 S oe a layer potential defined in 
([33]). T/ien, 

A s w = 0, m R n \c«l (4.6) 



FRACTIONAL LAPLACIAN 



Proof. Suppose that <j> G L 2 (dfl) and ip G C C °°(R™ \ dfl), then 



<A s u.^> = - |e| aa fi(OV-(0^ 



^ $(0 I e-***- Q <l>{Q)dQdt 
r» Jan 



0(Q) / e 2 ™t-Qi>{$d£dQ 

an Jr" 



4>{Q)i)(Q)dQ 
ian 

= 0. 
Since L 2 (9fi) is dense subspace of H- s+ ?(dfl), we get (jUJlfor all £ H- 8+ i(dQ). D 

Theorem 4.4. Let ^ < s < 1 a?i(i G iJ~ s+ 2(<9£7) and u — S s <f> be a layer potential defined in 
(|3TJ) . T/ien, 

<<f>,u>=- [ \e s \u\ 2 . (4.7) 

JR" 



Proof. Let G L 2 (dil). Then, it is well-known that the outer and inner normal derivatives 

dS 

Or 



IrF' IP of S 1( f> are in L 2 (<9fi) and -cf) = ^ + §|J (see QU). Hence, we have 



,,<.• Jan ™ t Cn 

R™ 



lencr 2 "/ e - 2 "«-Q0(g)dQ^ 

r™ Jen 



= f ie| 2s |er 2s "/ e" 2 -«-Q0(Q)dQ^ 
JR" Jan 

= I \e s \u\ 2 . 

JR" 

Since L 2 (dfl) is a dense subset of H- s+ i(dfl), we get @7f) for all G H- s+ i(dfl). D 



5. Proof of Theorem 11.11 
Lemma 5.1. Let \ < s < 1. T/ien S 1 , : H- s+ ?(dn) -4 H s -i(dn) is one-to-one. 

Proof. Suppose that S^ = for some 4> £ H~ s+ ? (dft). Then, by (|4.7|) and decay of u at infinity, 
we get u = in R". By 3) of Proposition 13. 3[ we have 

o = i 2 -2su{x) = c n / i ra _ r2 _ 2s i < <f>,r 2 a(y -■)> dy 

Jr- I a; - y|" (2 Zs > 

=< cf),Ti(x--) > . 
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Hence, S X (j) = 0. Note that Si : H- a (dn) ->■ H- a+1 (dn) is bijective for < a < 1 (see [5] and 
[IS]). Since < s - § < ±, we get 4> = and so S s : H~ s+ i (dfl) -> H s -?(dfl) is one-to-one. D 

Lemma 5.2. Let | < s < 1. TTiera S s : H~ s+ ? (dil) — > iI s ~2(<9Sl) Zias a closed range. 

Proof. Suppose that S s <fik —* f in H s ~z(d£l) for some sequence {</>&} in il — s+ 2(cftl). If {</>*;} is 
bounded in H~ s+ 2 (dCl), then it is done since there are a subsequence (we say {</>&}) and cf> £ 
H~ s+ 2 (dil) such that </>& weakly converges to <j> and we observe 

<ip,f>= lim <i/;,S s (t)k>= lim < S|<0, <^fc >=< S*V>, ^ >=< ip, S s <j> > 

for all ill £ H- s+ ^{dn), where S* s : H- s+ i(dCl) -> (#- s +5(dfi))* is a dual operator of S s and 
<C •, • 3> is the duality paring between (H~ s+ z (dil))* and H~ s+ z(dn). Hence we conclude that 
S s = /. 

Now we would like to show that {</>&} cannot be unbounded. Suppose that {4>k} is unbounded in 

H- s+ ^(dn). Let $ fc = I, . n 0fc • Then ||$ fe || _ a+ i =1 for each k. Since {$ fc } is bounded 

v i k ||0 fc || _ i ii «m h s +^ ao i k j 

in H~ s+ z (dft), there is a subsequence (we again say {$&}) of {$&} and $ £ H~ s+ 2(dfl) such that 
{$fc} converges weakly to $ in H~ s+ 2(d£l). Since S 1 ,,^ — ► in H a ~Ts(dil) and S s is one-to-one 
by Lemma EU we conclude that $ = 0. Note that Si : H~ s+ 5(<9ft) ->• ff- s+2 (f)) is bounded, 
| < s < 1, and ff~ s+2 (Sl) is compactly imbedded into .ff 1 (S1) (see 18; and [ID]). Hence $ fc -»■ 
weakly in H~ s+ 2 (dfl), h < s < 1, implies 

Si$ fc ^OiniJ 1 ^). (5.1) 

Let u fc = S s $ fc . Then, by fllTT]) . we get / R „ \£\ 2s \uk(Q\ 2 d£ =< ^k,u k >-> 0. Note that 

\SM? + y)- ZS^kjx) + S^kjx -y)\ 2 , 

,,/«« |p|"+2P-) dydX 

|4— 2s| c^fT" ('tMS jc / lt|2s 



|C| 4 - 2s |Si$ fe (0lX- / |£H« fc (0r#-M). (5.2) 

R" JR" 

Combining (|5.2p and (|5.ip. we have Si$ fc -> in H~ S+2 (Q). This implies that Sii>fc ->• in 
H- s+ i(dfl). Note that Si : H- s+ ^{dn) ->• H- s+ 2(dn) is bijective, i < s < 1 (see g] and 
[TOIL Hence, $ fc ->■ in iI~ s+ 2-(<9f2). But, it contradicts to the fact that ||$ fe || _ , = 1 

for each k and this again implies that {S s (j)k} cannot be unbounded. Therefore, we conclude that 
S s : i7- s +3 (dQ) -> H s -i(dfl) has a closed range. □ 

To show that S s : iI~ s+ 2~(<9Sl) — > H s ~2(d£l) is bijective, it remains to show S s has a dense 
range. For the purpose of it, we show that dual operator S* : H~ s+ z(dVL) — ► (H~ s+ z (dtt))* of S s 
is one-to-one. Suppose that S*(f) = 0. Then, we have 

=<C S*<p, i) »=< </>, S s ?/> > 
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forall^€-H r s+ 2(d£l), where <;•,•» is the duality paring between H s+ 2 (d£l) and (H s+ 2(<9fi))*. 
Let u = S s (p. By (|4.7|) . taking ip = (f), we have 

O=<<£,S S 0>= / |£| 2s K£)| 2 d£. 

This implies that u = 0. By Lemma 15.11 we conclude that </> = 0. Hence S* is one-to-one. This 
completes the proof of the invertibility of S s . 



6. Proof of Theorem 11.21 

Let / G H s ~^(dQ). By Theorem EU there is a 4> € H- s+ ^(dfl) such that S s = /. Let 
u(x) = S s cj)(x) for a; 6 R". Clearly, u|an = S s ^ = / on dVt. Moreover, by theorem |4. II and (|4.6|) . we 
have that A s u = in R" \ dfl and u £ if s (R"). Hence, we showed the existence of the solution of 
equation (|1.3|) . For the uniqueness, assume that u is a solution of (jl.31) such that w|ao = 0. Since 
A s u e H- S (R") = (iJ s (R"))* and u| an = 0, we have 

0=<A s u,u>=- [ (2m\Z\) 2s \u(Z)\ 2 d4, 

where < •, ■ > is the duality paring between H s (R n ) and H~ s (R n ). This implies that u = and 
hence, u is constant in R™. Since u\on = 0, we have that u = 0. Hence, the solution of (|1.3|) is 
unique. D 
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